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Abstract: In this note, we consider the reformulation of the Dirac–Born–Infeld action for a Dirichlet
p-brane in Brink–Di Vecchia–Howe–Tucker form, i.e., including an independent non-propagating
world-volume metric. When p > 2, the action becomes non-polynomial. A closed expression is
derived for p= 3. For selfdual field-strengths, the DBI action is reproduced by an action with a
simple F 2 term. We speculate on supersymmetrization of the D3-brane action. We also give the
governing equations for arbitrary p, and derive an implicit expression for the D4-brane lagrangian.
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The introduction of p-branes in string theory has turned out to be instrumental in unraveling
many of its non-perturbative properties (see e.g. [,,]). In type IIA and IIB string theory, p-
branes for various values of p arise as solutions of the low-energy field equations. They are of two
kinds depending on whether the field equations of which they are solutions involve antisymmetric
tensor fields from the NS-NS or the R-R sector. In the case of NS-NS fields, the p-branes are
interpreted as either fundamental or solitonic in the sense familiar from ordinary field theory (see
e.g. [,]). In the R-R sector, on the other hand, the p-branes are neither fundamental nor genuinely
solitonic, but have been found to have a description in terms of open strings with mixed Dirichlet
and Neumann boundary conditions, ending at the location of the p-branes [,,]. p-branes of this
type are referred to as Dirichlet branes, or D-branes. More recently, also the 5-brane solution [] of
11-dimensional supergravity has been given a similar interpretation in terms of open membranes [].
The fact that p-branes with R-R charges are located at the ends of open strings implies that
the p-brane world-volume field theory can be derived from open string β-functions []. For an
abelian and constant field-strength Fmn, the result is a “kinetic” term of the Dirac–Born–Infeld
(DBI) type.
The action for the D2-brane is known to be equivalent [,] to the 11-dimensional supermem-
brane [], which is the world-volume metric formulation of Howe and Tucker [] generalizing the
Brink–Di Vecchia–Howe string action [] to p≥ 2 (we refer to the form of the action containing
the world-volume metric as the Brink–Di Vecchia–Howe–Tucker (BDHT) form). In three dimen-
sions, a vector potential is dual to a scalar, which can be interpreted as the eleventh coordinate
[]. Therefore, also the κ-symmetric version is known [,,]. For higher values of p, no exact
BDHT-type actions for D-branes have been constructed so far, although the action to lowest order
in derivatives is given in [], and only the bosonic parts of the DBI actions, including couplings
to background fields, are known [,]. It is conceivable, and this is one of the main motivations
for the present work, that the construction of supersymmetric Dp-brane actions will benefit from
knowledge of a BDHT-type action.
The purpose of this note is to develop techniques that may be useful in establishing links
between the DBI forms of D-brane actions and their corresponding BDHT forms. As emphasized
by Townsend [], these latter forms are not likely to be simple for p>2, but, rather, become non-
polynomial in the field-strength F . In fact, the highly non-linear equations arising when varying
with respect to the world-volume metric have not been solved previously for p> 1 (although the
p=2 solution is implicit in []). For higher values of p, not having general techniques for solving
these equations also means that the higher order terms in the BDHT formulation can not be
deduced.
The methods developed here indicate that these problematic issues can in fact be resolved.
We will in particular demonstrate that, for p=3, the DBI action is equivalent to a BDHT action,
which is non-polynomial, but of a reasonably simple form. A remarkable simplification occurs if a
self-duality constraint is imposed; the action then becomes bilinear in F . It is also interesting to
note that although the world-volume metric is not set equal to the induced metric by its equation of
motion, their determinants are equal, a fact that may prove very useful. Other aspects of D3-brane
actions have been addressed previously in [,].
Consider a general lagrangian for a p-brane with an abelian vector potential :
L = −1
2
√−γ {tr(γ−1g) + ϕ(γ−1Fˆ )−(p− 1)} . ()
 We omit the dilaton factor e−φ, which is irrelevant for our discussion. Also, couplings to R-R background
fields are not considered, since they enter as Wess–Zumino terms, not containing the world-volume metric.
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Here γmn is the world-volume metric, gmn = ∂mX
µ∂nX
νGµν the induced metric (i.e., the pullback
of the space-time metric) and Fˆmn = Fmn − 2piα′Bmn where Fmn is the abelian field-strength and
Bmn the pull-back to the world-volume of the NS-NS antisymmetric tensor field. The function ϕ
is some scalar function of γ−1Fˆ , that should be chosen so that solving the equations of motion for
γ results in the Dirac–Born–Infeld lagrangian
LDBI = −
√
−det(g + Fˆ ) . ()
As a warmup exercise, and in order to establish our procedure, we first treat the case p=2. We
define the matrices
u = γ−1g ,
X = g−1Fˆ ,
()
and the objective is to use the equations of motion for the world-volume metric in order to solve
for u in terms of X . In three dimensions, the matrix X obeys the identity
X3 =
1
2
XtrX2 . ()
The only invariant to enter the lagrangian through ϕ is tr(uX)2, so we can set ϕ = ϕ(tr(uX)2).
The equations of motion for γ−1 become
0 = − 2√−γ γ
−1 ∂L
∂γ−1
= −1
2
tru− 1
2
ϕ+
1
2
+ u+ 2(uX)2ϕ′ . ()
It is clear that u only contains even powers of X , and a convenient basis turns out to be u =
A+B(X2− 1
2
trX2), where A and B are functions of trX2. This turns the equations of motion ()
into
0 =
1
2
− 1
2
A− 1
4
BtrX2 − 1
2
ϕ(A2trX2) +X2
[
2A2ϕ′(A2trX2) +B
]
. ()
When ϕ is just the ordinary Fˆ 2 term, ϕ(t) = − 1
2
t, the solution is A = B = 1. We insert the
solution back into L , using detu = det(1+X2− 1
2
trX2) = 1− 1
2
trX2 = det(1+X) to obtain
L =−√−γ (1− 1
2
trX2
)
= −√−g (detu)−1/2(1− 1
2
trX2
)
=−
√
−g
√
det(1 +X) = −
√
−det(g + Fˆ ) ,
()
and the equivalence to the Dirac–Born–Infeld action is established.
We now move on to p=3. The relevant matrix identity is
X4 =
1
2
X2trX2 − detX . ()
The function ϕ will depend on the invariants tr(uX)2 and det(uX), and u can again be expanded
as, e.g., u=A+BX2. It turns out to be more convenient, however, to choose another basis, namely
one where X2 acts diagonally. From () it follows that
X2v± = λ±v± , ()
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where
λ± =
1
4
trX2 ±
√
−∆ ,
v± =
1
2
[
1± 1√−∆
(
X2 − 1
4
trX2
)]
.
()
The scalar ∆, that will be of some interest later, is defined as ∆(X) = detX− 1
16
(trX2)2. It is
negative semi-definite. The matrices v± are normalized to become projection operators on the
subspaces with the associated eigenvalues. We now expand u as u = u+v+ + u−v−, and obtain
tr(uX)2 = 2 (λ+u
2
+ + λ−u
2
−) ,
det(uX) = λ+λ−u
2
+u
2
− ,
()
so that the function ϕ in the lagrangian () is a function of λ+u
2
+ and λ−u
2
−. After some manip-
ulations, the equations of motion for γ−1 become
1− 1
2
ϕ− u− +
1
2
u+
∂ϕ
∂u+
= 0 ,
1− 1
2
ϕ− u+ +
1
2
u−
∂ϕ
∂u−
= 0 .
()
The occurrence of derivatives should not be interpreted as if these equations were differential
equations — for a given function ϕ they are simply algebraic equations for u±. If, in addition, we
want the action to be equivalent to the Dirac–Born–Infeld action, we use det(1+X)=(1−λ+)(1−λ−)
to obtain the condition
1− u+ − u− −
1
2
ϕ+ u+u−
√
(1−λ+)(1−λ−) = 0 . ()
The resulting set of equations is seemingly difficult to solve. After solving for ϕ and u± order by
order a couple of steps, we noticed that we got detu ≡ u2+u2− = 1, i.e., detγ = detg. We do not
understand why this happens, but by assuming it to hold exactly one can considerably restrict the
possible functions ϕ by demanding them to give solutions with detu= 1 (this will be verified by
the exact solution). The search is simplified by the change of variables to s± = (2λ±u
2
±)
−1, and
χ = 2(s+s−)
1/2(1− 1
2
ϕ). The determinant condition then becomes
∂χ
∂s+
∂χ
∂s−
= 1 , ()
and the equations of motion () together with the condition () turn into
∂χ
∂s+
− 1√
2λ−s+
= 0 , (a)
√
λ+λ− χ−
1√
2λ+s+
−
√
2λ+s+ +
√
(1−λ+)(1−λ−) = 0 . (b)
It is not difficult to find a number of functions satisfying (), and if the system is going to be
soluble, we can not afford complicated functions leading to transcendental equations. The simplest
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reasonable function is χ=2(s+s−)
1/2, which of course corresponds to ϕ=0. We can modify it to
χ=2((s++α)(s−+α))
1/2, and it turns out that the solution of (a),
s+ =
1
2λ+
1− 2αλ+
1− 2αλ−
,
s− =
1
2λ−
1− 2αλ−
1 − 2αλ+
,
()
fulfills (b) for α= 1
2
. This gives the solution for the BDHT-type D3-brane lagrangian. Expressed
in terms of the familiar variables tr(uX)2 and det(uX) the function ϕ is
ϕ = 2
{
1−
√(
1 + λ+u
2
+
)(
1 + λ−u
2
−
) }
= 2
{
1−
√
1 +
1
2
tr(uX)2 + det(uX)
}
= 2
{
1−
√(
1 +
1
4
tr(uX)2
)2
+∆(uX)
}
= 2
{
1−
[
det
(
1 + (uX)2
)]1/4}
,
()
so the lagrangian reads
L =
√−γ
{
−1
2
tr(γ−1g) +
√(
1 +
1
4
tr(γ−1Fˆ )2
)2
+∆(γ−1Fˆ )
}
()
(note that the cosmological constant gets absorbed in the square root). The expression inside the
square root is never negative. The occurrence of a square root should not be associated to the
square root in the DBI action, it is rather a feature particular to p=3.
Notice that if ∆(γ−1Fˆ ) vanishes, the lagrangian reduces to one containing only the Fˆ 2 term, as
for p=2. When we examine the meaning of this condition, we have to be careful about the signature
of the world-volume metric. If it is lorentzian, as for the application we set out to investigate,
both terms in ∆ are negative semi-definite, so here it implies that det(γ−1Fˆ ) = 0 = tr(γ−1Fˆ )2,
or equivalently, E ·B = 0 = E2−B2. Then all terms in L containing Fˆ vanish, and this case
becomes trivial. If, on the other hand, the world-volume signature is (4, 0) or (2, 2), the condition
is equivalent to selfduality or anti-selfduality (with respect to the world-volume metric). When
we analyze this action, with a selfduality constraint, it turns out that it is irrelevant which metric
(world-volume or induced) we refer to when selfduality is imposed. We can not use the basis (),
which is not well defined when ∆ = 0, so we write u = A+B(X2− 1
4
trX2), and the solution is
straightforward, yielding A = 1, B = (1− 1
2
trX2)−1. The Dirac–Born–Infeld lagrangian is again
reproduced. We believe that this case may be relevant for the formulation of F-theory (see e.g.
[,,]).
There are a couple of questions that deserve further investigation. One is the generalization to
higher p. It is not clear to us whether it will be possible to obtain closed forms for the BDHT-type
lagrangians for p>3. It is conceivable that the equations simply become too complicated, but on
the other hand, this was what we thought would happen already for p=3.
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The generalization of the method we have used for p=3 is straightforward, and probably gives
the simplest formulation of the problem. For the case of odd p, p= 2n−1, there are n non-zero
eigenvalues λi for X
2, each with an associated subspace of dimension two, trvi=2. The equations
of motion for γ−1 together with the condition that the action reduces to the Dirac–Born–Infeld
action read
0 = n−1−
∑
j 6=i
uj −
1
2
ϕ+
1
2
ui
∂ϕ
∂ui
, i=1, . . . , n,
∑
i
ui +
1
2
ϕ− (n−1) =
∏
i
(1−λi)1/2ui .
()
For the case of even p, p=2n, there are n non-zero eigenvalues λi for X
2, each with an associated
linear subspace of dimension two, trvi=2, and one zero eigenvalue with trv0=1. The v0 component
of u does not enter in ϕ, and can be solved for,
u0 = −(2n−1) + 2
∑
i
ui + ϕ . ()
The remaining equations read
0 = −u0 + ui +
1
2
ui
∂ϕ
∂ui
, i=1, . . . , n,
u0 =
∏
i
(1−λi)u2i .
()
It seems difficult in general to determine ϕ explicitly. For p = 4 we have been able to find the
explicit solution for u. Here we have two non-zero eigenvalues that we denote λ±, which expressed
in terms of X=γ−1Fˆ are λ± =
1
4
trX2 ± [ 1
4
trX4− 1
16
(trX2)2 ]1/2. The solution is
u± = (1−λ±)−2/3 (1−λ∓)1/3 . ()
The function ϕ, which is a function of t±=λ±u
2
±, is then given implicitly by the algebraic equations
t± = u
2
± −
1
u∓
,
ϕ = 3 +
1
u+u−
− 2 (u++u−) .
()
We have not yet been able to eliminate u± from these equations (note that solving for u± in terms
of t± amounts to solving a fifth-order equation). There is a “miraculous identity” analogous to the
identity detu=1 for p=3, namely u0u+u−=1 (here, however, detu ≡ u0u2+u2−). The occurrence
of these properties of the solutions is intriguing.
We would also like to generalize to non-abelian field-strengths. It is not clear how to proceed
in that case — the simple matrix identities we have utilized in the present note do not carry over.
A case of special interest is the 5-brane in eleven dimensions. Also in this case the methods
we have presented here need modification, due to the presence of a 3-form field-strength. The
analogue of a DBI action is unknown for the 5-brane — it would require a generalization of the
standard string β-function calculation to open membranes.
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Another urgent issue is supersymmetrization. One might think that the form of the lagrangian
() would not present any advantages as compared to the Dirac–Born–Infeld action. However, one
important thing happens that might help. When one looks for a κ-symmetric action, one needs
a projection operator that splits a spinor in two equal parts — κ-symmetry is one half spinor
worth of fermionic gauge symmetry, essential to reduce the number of physical fermionic degrees
of freedom to the correct one. The solution we obtained for p=3 satisfied detu = 1 (for reasons
we do not yet fully understand), which means that we may write down such a projection operator
as P = 1
2
(1+Γ), where
Γ =
1
24
√−γ ε
klmnΠk
κΠl
λΠm
µΠn
νΓκλµν , ()
where now gmn = Πm
µΠnµ. The fact that detγ = detg ensures that Γ
2 = 1. This observation
makes the hope of finding a supersymmetric D-brane action for p=3 less far-fetched, even if the
non-linearities may become difficult to deal with.
Finally, one should investigate the relevance of the case ∆ = 0 to F-theory. It is striking
that we have a very simple action for the case of selfdual field-strength. Although the constraint
structure cannot be believed to be complete, one can hope to get some hints from this formulation,
especially after supersymmetrization.
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